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This is the fourth of a series of reports 
covering an investigation of the general 
instahility prohlem hy'the California 
Institute of Technology. The first five 
reports of this, series cover investiga- 
tions of the general instaoility pr-./blem 
under the loading' conditions of pure bend- 
ing and were prepared under the sponsor- 
ship of the 'Civil .Aeronaut i cs Adninistra- 
tion^ The succeeding reports of this 
series cover the work done on other load- 
ing conditions under the sponsorship of 
the National Advisory Coniinittee for -Aero- 
naut i c s . 

INTRODUCTION 



This report is to deal primarily with the continua- 
tion of tests of sheet-covered specimens and studies of 
the huckling phenomena of unstiffened circular cylinders. 
The earlier work on this investigation of the problem of 
general instability of stiffened metal cylinders at C.I.T 
has been reported in references 1, 2, and 3. Tests have 
been completed on the first series of sheet-covered spec- 
imens. The longitudinals and frames of the sheet-covered 
specimens v/ere identical to those of the wire-braced spec 
imens discussed in reference 3. The sheet covering was 
in all cases 0. 010-inch 17S-T dural. The longitudinal 
spacing was varied from 2.53 to 10.12 inches and the 
frame spacing from 1 to 16 inches. An attempt has been 
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made to correlate the experimental data of the wire-traced 
and sheet-covered specimens. A detailed discussion is 
given in the discussion of the normal restraint coefficient 
in this report, Ryder* s theoretical work has heen applied 
to three specimens. The results are talDulated in tahle 
III and discussed in the hody of the report. 

In addition to the results on the sheet-covered spec- 
imens, the results of an investigation on axially loaded 
thin-wall metal cylinders will he included in this report. 
As the preliminary work of this investigation was dis- 
cussed in reference 2, only results of the more recent 
work are included. An important finding of this investi- 
gation has "been the determination of the initial v;ave form. 
It has "been found that the initial wave form does not agree 
with the uniform sinusoidal type of wave which has heen 
previously assumed for the theoretical solution, hut is 
elliptical in shape, scattered at random through the cyl- 
inder, and changes to a diamond shape as the load is in- 
creased. 

SXP3HIMS1ITAL IllV]i3 ST I GAT I ON 0? SHEST-COVEHED SPECIMENS 



As pointed out in reference 2, a numher of sheet- 
covered specimens were to he tested to determine whether 
or not a correlation could "bo ohtained hetween the fail- 
ing tending moments of the wire-hraced and the sheet- 
covered specimens. The construction of the sheet-covered 
and wire-hraced specimens was essentially similar, the 
only difference heing that the wire tracing was replaced 
"by the sheet. Details of construction and test procedure 
have been discussed in detail in reference 2 and will not 
he repeated here. 

Tahle I gives the complete set of sheet-covered spec- 
imens which have heen tested, the numher of frames and 
longitudinals in each specimen, the failing bending mo- 
ment, the critical compressive longitudinal stress, and 
the restraint coefficient. Specimens 25 to 28 were dis- 
cussed in reference 3, and specimens 29 to 39 have heen 
tested since that report was written. 

Specimen 29 failed hy panel instability; the tabulat- 
ed compressive stress is that at which buckling between 
frames started and corresponds to a moment of 66,000 inch- 
pounds* Because of the symmetrical buckling of the lon- 
gitudinals, transverse stresses were set up in the sheet. 
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As the amplitude's of the longitudinals increased, the 
transverse stresses "became larger and the stabilizing ef- 
fect of the sheet increased. This stahili zing effect of 
the sheet on the longitudinals was quite evident at the 
higher loads, as illustrated in figures 2 and 38, and pre- 
vented collapsing of the specimen. The hending moment 
was increased to 123,000 inch-pounds without any definite 
failure. Specimens 28 and 34 started to fail ty panel in- 
stahility; however, upon increasing the "bending moment the 
frames failed at the tahulatsd tending moment. The loads 
at which panel instability occurred were 140,000 and 45,000 
inch-pounds, respectively. 

In figure 4 the compressive failing stress, which is^ 
discussed later,' is plotted as a function of the longitudi- 
nal spacing h, for constant values of d/h, referred to 
as "aspect ratio." It is of considerable intere-st to note 
that each curve is displaced "by a contraction or expansion 
of the ahscissa. The regularity of this family of curves 
would indicate that such a parameter exists that if the 
compressive stress is plotted as a function of this param- 
eter a single curve would he ohtained. If such a param- 
eter can he found, a limiting value could he established 
which would indicate the transition region between panel 
instability and general instability. a number of parame- 
ters have been attempted, but as yet the results have not 
been very successful. In figure 37 the failing compres- 

sive stress has been plotted as a function of J ~ 

the parameter suggested by Dschou's work. (See reference 
1, p. 12). The resulting curve indicates a linear rela- 
tionship. 

In calculating I^ and I_ , the .'following assamp- 

Oj 

tions were made: 

1. The effective width of sheet acting with e ^h 
longitudinal can be calculated by Marguerre's equation, 




wh ere 



1 ongitudinal stress 
buckling stress of sheet 
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2. The effective width of sheet acting with the frame 
is equal to the effective v/idth of sheet acting with the 
longitudinal . 

Iq is then the moment of inertia of the longitudi- 
1 

nal plus an effective width of sheet corresponding to the 

longitudinal stress C, and is the noment of iner- 

f 

tia of the frame plus an effective width of sheet equal to 
that acting with the longitudinal. In view of these rather 
arbitrary assumptions, too much confidence should not "be 
placed in this curve until further investigations have heen 
carried out on. the effects of changing the sheet thickness, 
and the stiffness of the frames and the longitudinals. 

Hyder's analysis could he ap-plied only to three spec- 
imens: namely, 25, 26, and 27, as the parameters of the 
other specimens lie outside the range covered hy the puh- 
lished charts. The results for these three spe cimens" ar e 
given in tahlo III. In all three cases the calculated 
panel instability stress is larger than the calculated 
general instability stress; hence the method predicted cor- 
rectly the occurrence of general instability. The pre- 
dicted instability stress and the experimental value are 
in good agreement for specimen 27; for s-oecimens 25 and 26 
the predicted stresses are considerably lower than the ex- 
perimental stresses. 

An extensive comparison between the theoretically 
predicted general instability stresses and the experimen- 
tally obtained stresses will be given after tests have 
been conducted on specimens in which the sheet thickness 
and the stiffness of the frames and the longitudinals 
have been varied. 

I-UXIMUM STHSSSSS lU THE LOKGITUDIMALS 



In the first sheet-covered specimens an attempt was 
made to measure the stresses in the longitudinals with 
Huggenberger extensomet er s . The stress measurements as 
indicated by the curves in figures 13 to 16 have not been 
very successful. Various methods of attaching the in- 
struments to the longitudinals have been tried; however, 
the irregularity of the stress measurements has not been 
eliminated* A method of measuring the maximum stresses 
which has been adopted is to measure the over-aXl maxim.um 
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deflections of t he . cp e c im en by means of dial as 
shov/n in the photO£craphs (figs. 3 and 38 to 4?). If the 
elastic rnodulus of the longitudinals and the over-all 
stro.in are knov/n, the str esses can "be calcula.ted. Since 
the i-adial deflections of the stiffeners are measured for 
various increments of load, the maximum stress can "be 
correctly calculated, even for cases in v/hich radial de— 
I'loction occurs, h;- means of the equation 



ALE E r f^^, 

0 



vmere 

a stress, pounds per square inch 
AL total over—all deflection, inches 
L length of the specimen, inches 
w radial deflection, inches 

The ex-ovession — F (^~^; d:c is the correction for the 

deflection caused "by the wave form of the lon.-^^itiidinals . 
It has "been found tha,t , in general, the correction due 
to the curvature (K/EI) is quite small; hov/ever, for 
cases in which the longitudinals oucklo "betwe'en frames, • 
the corr oct i qn' "become s qu-ite appreciahle. These correc- 
tions v;ore made in the measured over— all deflections of 
specimen 34. The results of this latter type of stress 
measurement are shov/n in figures 8 to 12, in v/hich the 
stress" is plotted as a function of the applied bending 
moment. It is felt that those results are more reliable 
than those obtained from tiie oxtonsometcr readings. One 
disadvantage is that only the maximum stresses are measured 
however, in the majority of cases only the maximum stresses 
are' of primary importance. 

The compressive stress curve in figure 12 is rather 
intcr-csting in that three definite breaks occur in the 
curve. It seems logical to assum.e that the first break 
is' due to buckling of the sheet between longitudinals, 
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the second to 'buckling of the sheet "betv/een rivets, and 
the third to the stress exceeding the proportional limit 
of the material. 

A nev7 method of calculating the actual stress which 
occurs in the longitudinals of stiffened cylinders suh— 
jected to pure bending has been recently developed \>y 
H. L. Cox (reference 4). Stress calculations based on 
this method are in excellent agreement with the above— 
descri"bed measured stresses. The tabulated stresses for 
specimens 25, 26, and 28 were not measuredbut merely cal- 
culated by this method; the stress for specimen 28 was 
calculated on the "basis of 168,000 inch— pounds bending 
moment, assuming no "buckling of the longitudinals, 

THE NOHMAL HESTRAINT COEPFICIEFT P/s 



The resistance of a stiffened cylinder to an exter- 
nally applied radial load has "been discussed in detail 
in reference 3. As stated in the concluding remarks, 
further experimental evidence v/as necessary to establish 
the validity of P/5 as a correlation parameter for the 
wir e—hr aced and sheet— cover cd specimens* It v/as also 
thought that this parameter might aid in predicting the 
failin.y load of a specimen without applj^ing any load tc 
the structure other than the loads necessary to obtain 
the P/S values, A plot of failing "bending moment as 
a function of p/s for a.11 the sheet— cover ed specimens 
and for a numher of the wire— "braced specimens is shown 
in figure 5. This plot indicates that the expected gen- 
eral relationship does not hold, inasmuch as the failing 
"bonding moment is not only a function of P/6 hut also 
varies with the longitudinal spacing. The linear re- 
lationship, hov^ever , holds "between certain limits, Eor 
the sheet—covered specimens, the relation is linear with 
the exception of the l~inch frame spacing, which is an 
extreme case and can hardly he e-xpected to conform, Eor 
the vrire— braced specimens the relationship is, in general, 
nonlinear. It should be noted that for the 5,05- and 
10,12— inch longitudinal spacing the values of P/S differ 
by only a xev; percent. To investigate further the effect 
of longitudinal spacing, the P/S value was obtained for 
a specimen in which the longitudinal spacing was 50,6 
inches - that is, only the top and the bottom longitudinals 
remained. The curves of P against 6 for this specimen 
and for a specimen having a 10.12-inch longitudinal spacing 



IIACA Technical ITote Ho. 908 7 



are.-.shown in figure ?♦ The difference in the initial 
slopes — that is, P/6, is only 5 percent. The small 
difference which exists in the P/6 value as the spac- 
ing of the longitudinals is varied from 5»06 to 50.6 
inches leads to the conclusion that after a certain 
lon^'itudinal spacing, lying between 2.53 and 5^06 inches, 
p/5 is no longer a measure of the resistance of the 
specimen as a vOiole to an externally applied load "but 
rather the resistance of a single longitudinal* The 
critical longitudinal compressive stress has also heen 
plotted as a function of P/S in figure 6. Only the 
sheet— cov er ed specimens having a 2,53— and a 5.06— inch 
longitudinal spacing scatter around a common curve. 

There are, therefore, two difficulties in using 
P/6 as a correlation parameter for the failing moment: 

1. It is evident that the elastic characteristics 
of the stiffened cylinder are determined hy the longi- 
tudinal and the circumferential stiffnesses. The measure- 
ment of P/S gives only something like the mean stiff- 
ness in these two directions. If the failing moment is 

a function of the same mean stiffness, then the failing 
moment will he a function of P/s only. If this is not 
true, then some other parameter like d/h (aspect ratio 
of stiffening) must ho \ised with P/6. This is confirmed 
"by the cxp er iment s, as shov/n in figure 5, 

2. It is also evident from figure 5 that the value 
of P/o changes very slowly when the longitudinal spacing 
is large, while the failing moment changes very rapidly, 
Thu^ the failing moment against P/6 curve, at a constant 
d/h ratio, is very steep vmen the longitudinal spacing 

is large. Therefore, a small error in the P/6 deter- 
mination gives a large error in the failing moment. It 
should, however, he kept in mind that the 10-inch longi- 
tudinal spacing is already con s ider ahly larger than that 
v/hich would oe encountered in practice for geometrically 
eq^^al structur es . 

At present, there is no evidence of a reasonable 
correlation parameter between the sheet— cover ed and the 
wire— braced specimens, and it probably will be necessary 
to continue the experimental work with sheet— cover ed speci- 
mens , 
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DEFLECTION 01 THE L02IGITUD ISTALS 

♦ 

The deflection curves of the 1 on^i tud ina,l s , after 
failure of the Gpeciinen, are shown in figures 17 to 34* 
A marked difference has heen observed in the type of 
failure of the v/ire— "braced and sheet— cover ed specimens. 
Pailuro of the wire— braced specimens v/as in general a 
gradual process — that is, the specimens tend to approach 
a maximum bending moment in a.n asymptotic manner. The 
failiire, hoi/ever, of the sh eet- co v er ed specimens is char— 
actorized by a sudden , and violent collapsin^y of the spec- 
imen. , The radial deflection of the longitudinals, for 
lon^iji tiidinal spacings loss than 16 inches, is practically 
zero up to the failing load, A number of photographs 
(fif:;s. 38 to 47) also are incl\ided to illustrate further 
the failure pattern of the lon^-; i tud inals and the frames. 

EXPEHIHEKTAL IHVSST IC-AT IO:bTS OF COIIPRESSIVS FAILIITO 
STRESS OF UFSTIir?E:MED CIRCULAR CYLINDERS 



In the discussion of the strength of axially loaded, 
unstiffenod cylinde^-s (reference l) it was pointed- out 
that a very poor . ac^r e emen t exists between experimental 
results .?.nd those calculated by the classical buckling 
theories for circular cylinders. This v/as especially 
true for large values of S/t. It was also found that 
very little information was available on the effect of 
length, po.r t icular ly for V ci 1 u e s of L/R < 1^ 

In view of the need for additional information con— 
cerniU;^ these tvro parameters a systematic investigation 
v;as carried out on steel cylinders in v/hich the R/t 
ratios v/ere higher than had been previously investigated 
and on cylinders whoso lengths were loss than the radius. 
The specific parameters involved in this investigation 
v/ere: 

1» the radius— thickness ratio R/t 
2. the 1 ongth— r ad ius ratio L /R 

3* the critical stress— clast ic modulus ratio a/E 
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Tho ^ipocimcns tested vcrc all fa"bricatcd from standard 
shim stock stool in wliich the norminal thickness v/as 
varied from 0,002 to 0.009 inch» Since the fabricated 
cylinders had a radius of 6.375 inches the R/t range 
varied from 750 to oOOO* The L /R ratio way varied 
from 0.1 to 1.5. 

The ends of the test cylinder uere rigidly clamped 
into Gteel end plates, giving fixed end support to the 
axial fibers of the cylinder. The test apparatus is 
sho\7n in figui-es 48 and 49-. The load was applied by 
means of tho screw jack and transmitted through the ring, 
which measures the load, to the cylinder. To prevent any 
hori-ontal components of load, the ring v/as mounted on a 
spherical ball joint. 

The test results p.r e shown in fi^:ures 35 and 36, 
in v/hich a /E is plotted as a function of L/R for con- 
stant values of R/t. 



v/hcr e 



a failing; stress, pounds per square inch 
E Young's modulus, pounds per square inch 

An empirical equation was developed to fit the experimental 
points. The equation is essentially of the same form as 
the V/agner empirical design formula (reference 5), inasmuch 
as the variables used are t /R and t/L; however, the co- 
efficients and exponents have been modified to read: 



Z = 9(t/R)'-'^-H 0.16(t/L)'-' 

E 

A plot of this equation for values of R/t and L/R 
corresponding to the range of the experimental investi- 
gation is shown by the curves in figures 35 and 36. For 
values of L/R greater than 1.5 experimental results 
indicate that a/S is for all practical purposes a con- 
stant . 

These experimental results are again at variance 
with the theoretical investigation of W. Flugge as cited 
by S. Timoshenko. (See reference 1.) The classical theory 
of ¥. Plug;2:e shows that the length effect is negligible 
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until L/uH is lov^er than 0,2, ^^hcre m is the niimher 
of half--\;a,YGG in the axial direction. Since the ecLi;^es 
of tho tost spocinons were clamped, it is evident that 
m = 2 for the short cylinders. According- to the clas- 
sical thcor^^, therefore, tho length effect is negligiole 
until L/3. is less than 0.4, This is another failure 
of the classical theory of thin shells to predict cor- 
rectly tho Dchavior of buckling phenomena. 

Since the physical properties of the shim stock 
varied for every thickness,, it v'as necessary to deter- 
mine experimentally the modulus of elasticity for each 
thickness. Tho results are tabulated in table II. The 
str OS s— strain relation v;as obtained for the material in 
tension; the tension load was applied, with reference to 
the i£;rain structure of the material, in the same direction 
as the compression load in the test cylinder. 

DETAILED STUDY OF BUCKIIITG PHEH0ME2TA 
OF CYLINDRICAL SHELLS 



The relatively large discrepancies betv/oon the theo- 
retically predicted and the experimentally obtained buck- 
ling loads have led to the conclusion that some of the 
assumptions made in the theoretical treatment of the prob— 
lora may bo at variance v;ith the actual " condit ions . Kence, 
to obtain a better \?.ndor standing of the mechanism involved 
in the failure of thin-wall cylinders, it v/as felt that it 
would be desirable to determine the exact shape of the 
initia^l v^aves which a-ppear in tho test cylinder. This was 
accoraplished by restraining tho loading mechanism so that 
any desired ov.er— all deflection could bo maintained at 
any otage of the loading. 

The test apparatus is shov/n in figures 50 to 52» 
The three upper set scrcv/s afford adjustment of the load- 
ing head and rest on a 3/4— inch plate. This plate, in 
turn, is hold in position by three l/2— inch screws rest- 
ing on the base plate and turned by means of tho gear 
system shov;n. This lov/ers or raises the 3/4— inch plate 
as desired* The small .^— inch central gear, which turns 
the three 5— inch diameter gears, can be externally operated 
In this manner, the motion of the loading head can be arrest 
ed at any desired position during loading of the specimen. 
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The progressive chan.^-e in the. wave shape and the wave 
pattern is indicated in figures 53 to 64, The first speci- 
men, designated as G-1 to C-6 in the figures, was 9 inches 
lon:5 v/ith a 0,0034— inch v/all thickness. The second speci- 
men'^ C~8 to C-13, v/as 6 inches long, with a 0. 0034-inch wall 
t h i c kn ess, * ■ - 

It sho^ild he noted that the wave pattern does not a^^-ree 
v/ith the uniformly distributed sinusoidal type of wave v;hich 
has "been previously assumed for the theoretical solution. 
The initial wave form is elliptical in shape and scattered 
at randon through the specimen* As the load is increased, 
the waves tend toward a diamond shape and move to a more 
uniform conf igurat ion • The discrepancy between the actual 
and the assumed wave form may account for the large differ- 
ence in the theoretically predicted and the experimentally 
obtained buchling load. 

Guggenheim Aeronautical Laboratory, 

California Institute of Technology, 

Pasadena, Calif,, September 1939, 
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TABLE II 
VARIATIONS OF YOUNG'S MODULUS 
WITH THICKNESS 



Nominal thickness 
(in.) 


Young's modulus 
( lb/ s q in . ) 


0.002 


33.5 X 10® 


.003 ■ 


32.0 


.004 


32.4 


.005 


31.5 


. 006 


30. 6 


. 0085 


29. 0 



» 



TJLBLE III 

CAI-CHLATIOS OP CRITICAL STESSS 3Y RYDEH' S METHOD 
EOS SHEET-CO VEHED SPECIMStTS 
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Figs. 




FIGITRE 2 



Deflection pattern of longitudinals causing transverse 
stresses to "be set up in the sheet. 




FIGUftE 3 



Diagrain showing measuTeTnent of overall axial deflection. 
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